We define (higher rank) spinorially twisted spin structures and deduce various curvature identites as well as estimates for the eigenvalues of the corresponding twisted Dirac operators.
Introduction
The aim of this note is to introduce (higher rank) spinorially twisted Spin structures and prove various curvature formulas and eigenvalue estimates for the corresponding twisted Dirac operators. such formulas and estimatesare the higher rank analogues of those proved by Hitchin [4] , Friedrich [1] , Hijazi [3] and many others. We begin by noticing that a Spin c structure on a Riemannian n-dimensional manifold M consists of the coupling of a (locally defined) Spin(n)-structure and an auxiliary (locally defined) U (1) = Spin(2) structure [1] and, similarly, a Spin q structure on M consists of the coupling of a (locally defined) Spin(n)-structure and an auxiliary (locally defined) Sp(1) = Spin(3) structure [7] . Here, we consider analogous twistings with other Spin(r) groups, r ≥ 2, in an attempt to develop spinorial techniques to study the geometry of manifolds which are neither Spin, nor Spin c , nor Spin q . Although the idea of "twisting" is a classical one, we will try to take advantage of the spin geometry (and the Clifford algebra representation) carried by the spinorial twists.
A twisted Spin group is defined as Spin r (n) = Spin(n) × Z2 Spin(r),
where n, r ∈ N. Each factor has a standard spin representation ∆ n and ∆ r respectively, so that we can consider the representation ∆ n ⊗ ∆ r of Spin r (n), and more generally ∆ n ⊗ ∆ ⊗m r for odd m ∈ N. These are the representations that we will use to associate twisted spinor vector bundles to an n-dimensional oriented Riemannian manifold M admitting a Spin r (n) structure (cf. Definition 2.2), whose sections will be called spinor fields, or simply spinors. By choosing a connection on the induced/auxiliary SO(r) principal bundle on M , together with the Levi-Civita connection on T M , one can construct a connection on the twisted spinor bundles and talk about parallel and Killing spinors, as well as defining twisted Dirac operators and connection Laplacians.
As in the Spin, Spin c and Spin q cases, one can prove (spinorial) curvature identities (cf. (7), (8) , (9)). Such identities render new formulas for the Ricci and the scalar curvatures of M in the presence of either a parallel spinor (cf. Theorem 3.1) or a Killing spinor (cf. Theorem 3.2), thanks to the introduction of local 2-forms associated to any spinor (cf. Definition 2.1). These formulas involve not only the curvature of 
is the tensor product of k = [ is defined to be either the above mentioned isomorphism for n even, or the isomorphism followed the projection onto the first summand for n odd. In order to make κ explicit, consider the following matrices
In terms of the generators e 1 , . . . , e n of the Clifford algebra, κ can be described explicitly as follows,
and, if n = 2k + 1,
The vectors
form a unitary basis of C 2 with respect to the standard Hermitian product. Thus,
is a unitary basis of ∆ n = C 2 k with respect to the naturally induced Hermitian product.
Remark. We will denote inner and Hermitian products (as well as Riemannian and Hermitian metrics) by the same symbol ·, · trusting that the context will make clear which product is being used.
By means of κ we have Clifford multiplication
There exist either real or quaternionic structures on the spin representations. A quaternionic structure α on C 2 is given by
and a real structure β on C 2 is given by
The real and quaternionic structures γ n on ∆ n = (C 2 ) ⊗[n/2] are built as follows
if n = 8k + 6, 8k + 7 (real).
Spin group and representation
The Spin group Spin(n) ⊂ Cl n is the subset
endowed with the product of the Clifford algebra. It is a Lie group and its Lie algebra is
The restriction of κ to Spin(n) defines the Lie group representation
which is, in fact, special unitary. We have the corresponding Lie algebra representation
Both representations can be extended to tensor powers ∆ ⊗m n , m ∈ N, in the usual way. Recall that the Spin group Spin(n) is the universal double cover of SO(n), n ≥ 3. For n = 2 we consider Spin(2) to be the connected double cover of SO (2) . The covering map will be denoted by
Its differential is given by λ n * (e i e j ) = 2E ij , where E ij = e * i ⊗ e j − e * j ⊗ e i is the standard basis of the skew-symmetric matrices, and e * denotes the metric dual of the verctor e. Furthermore, we will abuse the notation and also denote by λ n the induced representation on the exterior algebra * R n .
Clifford multiplication µ n has the following properties:
• It is skew-symmetric with respect to the Hermitian product
• µ n is an equivariant map of Spin(n) representations.
• µ n can be extended to an equivariant map
of Spin(n) representations.
Spinorially twisted spin groups and representations
By using the unit complex numbers U (1) or the unit quaternions Sp(1), the Spin group can be "twisted" as follows
These give rise to the following short exact sequences
respectively, which lead to the notions of Spin c and Spin q structures [5, 7] . Notice that U (1) = Spin(2) and Sp(1) = Spin(3), so that we are led to define the twisted Spin group Spin r (n) as follows
where r ∈ N and r ≥ 2. It also fits into an exact sequence
We will call r the rank of the twisting. Note that the groups Spin 2 (n) = Spin c (n) and Spin
Consider the representations
where m ∈ N, which are unitary with respect to the Hermitian metric, and the map
As in the untwisted case, µ n ⊗ µ r is an equivariant homomorphism of Spin r (n) representations. Note that we can also take tensor products with more copies of ∆ r as follows
with Clifford multiplication tanking place only in the a-th factor. We will also write
Notice that
An element φ of ∆ n ⊗ ∆ ⊗m r will be called a twisted spinor, or simply a spinor.
Skew-symmetric 2-forms and endomorphisms associated to twisted spinors
Let Im(Cl 0 r ) denote the orthogonal complement of the scalars in the even part Cl 0 r of the Clifford algebra Cl r . Let {e 1 , . . . , e n } and {f 1 , . . . , f r } be orthonormal bases for R n and R r respectively. A linear basis for Cl 0 r is given by the products f i1 f i2 · · · f i2s , where {i 1 , i 2 , . . . , i 2s } ⊂ {1, . . . , r}. Sometimes we will write f kl for the product f k f l .
n and (f 1 . . . , f r ) an orthonormal basis of R r .
• Let η φ kl (X, Y ) = Re X ∧ Y · κ m r * (f kl ) · φ, φ be the real 2-form associated to the spinor φ where 1 ≤ k, l ≤ r.
• Define the antisymmetric endomorphismη
where X ∈ R n , 1 ≤ k, l ≤ r, denotes contraction and ♯ denotes metric dualization.
Remark. In fact, for any ξ
Proof. By using (1) repeatedly
For identity (4) 
Identities (5) and (6) follow similarly. ✷
Remarks.
• For k = l, η
• By (5),
• Note that, depending on the spinor, such 2-forms can actually be identically zero.
defines two maps (extended by linearity)
Higher rank twisted Spin structures

Spin structures on oriented Riemannian vector bundles
Let F be an oriented Riemannian vector bundle over a smooth manifold M , with r = rank(F ) ≥ 3. Let P SO(F ) denote the orthonormal frame bundle of F . A Spin structure on F is a principal Spin(r)-bundle P Spin(F ) together with a 2 sheeted covering
, and all g ∈ Spin(r), where λ r : Spin(r) −→ SO(r) denotes the universal covering map. In the case when r = rank(F ) = 2, we set λ 2 : SO(2) −→ SO(2) to be the connected 2-fold covering of SO(2). When r = 1 a Spin structure is only a 2-fold covering of the base manifold M .
Given a Spin structure P Spin(F ) one can associate a spinor bundle
where ∆ r denotes the standard complex representation of Spin(r). In fact, one can also associate spinor bundles whose fibers are tensor powers of ∆ r ,
Spinorially twisted spin structures on oriented Riemannian manifolds
Definition 2.2 Let M be an oriented n-dimensional Riemannian manifold, P SO(M) be its principal bundle of orthonormal frames and r ∈ N, r ≥ 2. A Spin r (n) structure on M consists of an auxiliary principal SO(r)-bundle P SO(r) and a principal Spin r (n)-bundle P Spin r (n) together with an equivariant 2 : 1 covering map
where× denotes the fibered product, such that Λ(pg) = Λ(p)(λ n × λ r )(g) for all p ∈ P Spin r (n) and g ∈ Spin r (n), where λ n × λ r : Spin r (n) −→ SO(n) × SO(r) denotes the canonical 2-fold cover.
A manifold M admitting a Spin r (n) structure will be called a Spin r manifold.
Remark. A Spin r manifold with trivial P SO(r) auxiliary bundle is a Spin manifold. Conversely, any Spin manifold admits Spin r (n) structures with trivial P SO(r) via the inclusion Spin(n) ⊂ Spin r (n) given by the elements [g, 1] Remark. A Spin r manifold has the following associated vector bundles:
where the last bundle is globally defined if M and m satisfy certain conditions. Indeed,
is defined if one of the following options holds:
• M is a non-Spin Spin r manifold and m is odd. The structure group under consideratioon is Spin r (n).
• Both M and F admit Spin structures, and m ∈ N. The structure group under consideration is Spin(n)× Spin(r), so that we can consider all representations of the product group.
• M is Spin, F is not Spin, and m must be even. In this case, the representation ∆ ⊗m r must factor through SO(r) in order to get a globally defined bundle. Thus, the structure group we need to consider is Spin(n) × SO(r). Note that although this case falls outside the definition of Spin r structure, we will consider it since one can still work with twisted spinors and twisted Dirac operators.
Homogeneous Spin r structures
Let M be a homogeneous oriented n-dimensional Riemannian manifold and G be its isometry group. Let K be the isotropy subgroup at some point so that M ∼ = G/K. The Lie algebra g of G splits as follows
where k is the Lie algebra of K and m is the orthogonal complement. Since G can be seen as a principal bundle over M with fiber K, the tangent bundle T M is
the bundle associated via the isotropy representation
Let F be a homogeneous oriented rank r Riemannian vector bundle over M
A homogeneous Spin r (n) structure on M is given by a homomorphism Ad K × σ : K −→ Spin r (n) that makes the following diagram commute
If such a map exists, we can associate the twisted spinor vector bundle
Example. Les us consider the real Grassmannians of oriented subspaces
.
Covariant derivatives
Covariant derivatives on oriented Riemannian vector bundles
Let F be an oriented Riemannian vector bundle over a smooth manifold M . A connection on the bundle of orthonormal frames P SO(F ) induces a metric-compatible covariant derivative on sections of F
for a collection of local 1-forms θ kl .
The curvature is defined as
where
θ ks ∧ θ sl are the local curvature 2-forms.
Covariant derivatives on Spin bundles
If F admits a Spin structure, the connection on P SO(F ) lifts to a connection on P Spin(F ) and there is an induced covariant derivative ∇ S(F ) on the spinor bundle S(F )
defined (locally) as follows,
where ϕ ∈ Γ(S(F )). For any tangent vectors X, Y ∈ T x M ,
Remark.
• Even if the bundle F is not spin, these calculations are valid locally.
• The covariant derivative can be extended to S(F ) ⊗m by the Leibniz rule, so that for ϕ ∈ Γ(S(F ) ⊗m )
and
• In order to simplify notation, we will often drop the upper symbols F and S(F ), trusting that the context will make clear which covariant derivative is being applied.
Covariant derivatives on twisted Spin bundles
Let M be a Spin r n-dimensional manifold and F its auxiliary Riemannian vector bundle of rank r. Assume F is endowed with a covariant derivative ∇ F (or equivalently, that P SO(F ) is endowed with a connection 1-form θ) and denote by ∇ the Levi-Civita covariant derivative on M . These two derivatives induce the spinor covariant derivative
. . , e n ) and (f 1 , . . . , f r ) are a local orthonormal frames of T M and F resp., ω ij and θ kl are the local connection 1-forms for T M (Levi-Civita) and F .
From now on, we will omit the upper and lower bounds on the indices, by declaring i and j to be the indices for the frame vectors of M , and k and l to be the indices for the frame sections of F . Now, for any tangent vectors X, Y ∈ T x M ,
For X, Y vector fields and φ ∈ Γ(S(T M ) ⊗ S(F ) ⊗m ) a spinor field, we also have the compatibility of the covarinat derivative with Clifford multiplication,
Twisted differential operators
In order to simplify notation, let S = S(T M ) ⊗ S(F ) ⊗m and φ ∈ Γ(S).
Definition 2.3
The twisted Dirac operator is the first order differential operator
We will generally use the notation / ∂ θ , and will use the notation / ∂ θ,m whenever we want to emphasize which tensor power is involved in the twisted vector bundle being considered.
Remark. The twisted Dirac operator / ∂ θ is well-defined and formally self-adjoint on compact manifolds.
The proofs of these facts are analogous to the ones for the Spin c Dirac operator [1] .
Definition 2.4 The twisted spin connection Laplacian is the second order differential operator ∆ : Γ(S) → Γ(S) defined as
3 Curvature identities, special spinors and twisted Dirac operator's eigenvalue estimates
Throughout this section, let M be a Spin r n-dimensional manifold, m ∈ N is such that S = S(T M )⊗S(F )
⊗m is globally defined, (e 1 , ..., e n ) and (f 1 , ..., f r ) be local orthonormal frame of T M and F respectively.
Curvature calculations
Proposition 3.1 For X ∈ Γ(T M ) and φ ∈ Γ(S), we have
Proof. For φ = ψ ⊗ ϕ, by (7),
Multiply by e α and sum over α
The term 1 2 α i<j Ω ij (X, e α )e α e i e j = − 1 2 Ric(X) (cf. [1] ). The second term
Proof. By (8),
By multiplying with e i and summing over i, we get
where R denotes the scalar curvature of M , and for k and l fixed, i,j Θ kl (e i , e j )e i e j = 2 i<j Θ kl (e i , e j )e i e j = 2Θ kl .
✷
Now, let us denote
In order to simplify notation, we define
Parallel spinors
Definition 3.1 A spinor φ ∈ Γ(S) is said to be parallel if Proof. Since the spinor φ is parallel
Thus, a non-trivial parallel spinor has constant length and no zeroes.
Since φ is parallel, the left hand side of (8) is zero and
By taking the real part of the hermitian inner product with e i · φ,
On the other hand,
Hence, the Ricci endomorphism satisfies
where the last equality is due to the symmetry of Ric and the skew-symmetry of bothΘ kl andη φ kl . ✷
Example of a parallel twisted spinor
Consider the subgroup
Clearly, H is isomorphic to SO(n), and the following diagram commutes
. Proposition 3.3 Every Riemannian manifold admits a spinorially twisted spin structure such that an associated spinor bundle admits a parallel spinor field.
Proof. Let M be a Riemannian n-dimensional manifold. Clearly, whether or not M is Spin, it admits the twisted spin structure given by
, where P SO(M) denotes the principal bundle of orthonormal frames of M . Furthermore, by the diagram above we have a reduction of structure
, in such a way that the twisted spinor vector bundle ∆ n ⊗ ∆ n can be seen as an associated vector bundle to P SO(M) , which is a well known fact.
Let β be the unitary basis of ∆ n described in Section 2 and γ n be the corresponding real or quaternionic structure of ∆ n . We clain that the spinor
is invariant under H ∼ = SO(n), where C(n; ε 1 , . . . , ε 4k ) = (−1)
if n = 8k, 8k + 1, C(n; ε 1 , . . . , ε 4k+1 ) = i(−1) We will prove the invariance by means of the Lie algebra Lie(H) ∼ = so(n). Let us consider the case n = 8k. Let {e 1 , . . . , e 8k } ⊂ R 8k be an ordered orthonormal basis, and {f 1 , . . . , f 8k } ⊂ R 8k be the same ordered basis but renamed since it will refer to the auxiliary twisting bundle. Thus
Let us consider one summand in φ 0 ,
and focus first on u ε1,...,ε 4k ⊗ u −ε1,...,−ε 4k ,
If we apply e p e q to it, with 1 ≤ p < q ≤ n and
Now, let us consider another summand in φ 0
and focus first on
When we apply κ 1 n * (f p f q ) to it we get
Now, while the coefficient of e p e q · ϕ 1 is
By checking the possible cases in which [(p+1)/2] and [(q +1)/2] are either even or odd, these two coefficients differ by (−1). Thus e p e q · ϕ 1 + κ 1 n * (f p f q ) · ϕ 2 = 0. Clearly, every summand in φ 0 has a unique counterpart as in the previous calculation. All the other possible cases for values and parities of n, p and q are similar. Hence Lie(H) ∼ = so(n) annihilates φ 0 . ✷ Proposition 3.4 The 2-forms associated to φ 0 are multiples of the basis 2-forms e p ∧ e q of so(n), i.e.
Proof. Notice that
is orthogonal to any spinor orthogonal to
Thus, for p < q, s < t, (p, q) = (s, t),
st (e p , e q ) = e p e q · κ 1 n * (f s f t ) · φ 0 , φ 0 = 0, since each one of the summands in e p e q · κ
, and
Clearly, this is paired with
in the hermitian product, so that e p e q · κ summands which satisfy the previous arguments, η ψ0 pq (e s , e t ) = 2 [n/2] (δ ps δ qt − δ pt δ qs ).
✷
Let us now check our curvature formulas on this example. Formula (7) becomes
which is consistent with the parallelness of φ 0 , and which is consistent with (8).
Killing spinors
Definition 3.2 A spinor φ ∈ Γ(S) is a Killing spinor if, for every X ∈ Γ(T M ),
where µ ∈ C.
Proposition 3.5 Let φ ∈ Γ(S) be a non-trivial Killing spinor.
1. φ has no zeroes.
2. φ is an eigenspinor of the twisted Dirac operator.
3. If the scalar µ is real, the length of the Killing spinor φ is constant.
If the scalar µ is real, then the vector field
is a Killing vector field.
The proof is analogous the one in the Spin c case (cf. [1] ). ✷ Theorem 3.2 Let φ ∈ Γ(S) be a real Killing spinor. Then
• The Ricci tensor decomposes as follows
• The scalar curvature is given by
• If the connection on the auxiliary bundle F is flat, then M is Einstein.
• If the Killing spinor φ is such that η φ kl = 0 for all 1 ≤ k < l ≤ r, then the manifold M is Einstein.
Proof. The left hand side of (8) now becomes
By taking the real part of the hermitian product with e t · φ we get
Hence, by the calculations of the last subsection we have 
Generalized real Killing spinors
In this case, the left hand side (8) is
Now, if the orthonormal frame also diagonalizes E, for i = s,
2 ss e s = 2E ss (E ss − tr(E))e s .
By taking the real part of the hermitian product with e t · φ Re i =s e i · (E(e i ) · E(e s ) − E(e s ) · E(e i )) · φ, e t · φ = Re 2E ss (E ss − tr(E))e s · φ, e t · φ = 2E ss (E ss − tr(E))Re e s · φ, e t · φ = 2E ss (E ss − tr(E))δ ts |φ| 2 , which gives the matrix 2|φ| 2 (E 2 − tr(E)E).
On the other hand,
i =s
where ν φ (e t , e i , e j ) := Re e t · e i · e j · φ, φ .
Thus, Ric st = −2E ss (E ss − tr(E))δ st − d ∇ E ⊛ ν Thus, we have proved the following.
Theorem 3.3 Let φ ∈ Γ(S) be a generalized Killing spinor. Then
• the Ricci tensor decomposes as follows
where ν φ and d ∇ E ⊛ ν φ are defined as in 11 and 10.
• and the scalar curvature is given by R = −2tr(E 2 ) + 2tr(E) 2 − tr d ∇ E ⊛ ν φ + k<l tr(Θ kl •η φ kl ).
✷
Remark. These formulas reduce to the previous two cases when E is a multiple of the identity endomorphism E = µ Id T M . The result follows from Proposition 9. ✷
Twisted Schrödinger-Lichnerowicz formula
Bochner-type arguments
In this subsection we will prove some corollaries of the Schrödinger-Lichnerowicz formula and Bochner type arguments as in [1, 3, 8] .
From here onwards, we will assume that the n-dimensional Riemannian Spin r manifold M is compact (without border) and connected. so that φ is parallel, has non-zero constant length and no zeroes. Since R|φ| 2 + 2 Θ, η
